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Equality Saturation for Optimizing High-Level Julia IR

JULES MERCKX, Ghent University, Ghent, Belgium
TIM BESARD, JuliaHub, Cambridge, United States
BJORN DE SUTTER, Ghent University, Ghent, Belgium

Compilers are indispensable for transforming code written in high-level languages into performant machine code, but their
general-purpose optimizations sometimes fall short. Domain experts might be aware of optimizations that the compiler
is unable to apply or that are only valid in a particular domain. We have developed a system that allows domain experts
to express rewrite rules to optimize code in the Julia programming language. Our system builds on e-graphs and equality
saturation. It can apply optimizations in the presence of control flow and side effects. As Julia uses multiple dispatch, we
allow users to constrain rewrite rules by argument types, and propagate type information through the e-graph representation.
We propose an ILP formulation for optimal e-graph extraction that exploits opportunities for code reuse and introduce
CFG skeleton relaxation to rewrite calls to pure functions as well as those with side effects. Use cases demonstrate that our
system can perform rewrites on high-level, domain-specific code, as well as on lower-level code such as Julia’s broadcasting
mechanism. We analyze the required compilation time and the performance impact of these rewrites.

CCS Concepts: » Software and its engineering — Compilers; - Theory of computation — Rewrite systems; Integer
programming;

Additional Key Words and Phrases: Compiler Optimization, Equality Saturation, High-Level Languages

1 Introduction

Optimizing compilers have become indispensable as programmers rely on them to unravel high-level abstractions
into lean and performant code [31, 40, 41]. General-purpose compiler middle-ends typically perform general-
purpose optimizations such as common subexpression elimination [49]. Compilers for domain-specific languages
perform domain-specific optimizations such as algebraic optimizations [41, 49]. The front-ends of higher-level
language compilers can be customized to generate IR that is already optimized for specific targets, such as
GPUs, and then fed to the back-ends [15]. Many compilers can also be configured to enable context-specific
optimizations, e.g., fusion of operators without maintaining bit-perfect floating point equivalence. However, few
optimization pipelines are well suited to support domain-specific and context-specific optimization of code written
in a high-level scientific programming language that is used across many domains, such as Julia [16]. In such a
language, software libraries build on the generic language infrastructure to provide high-level domain-specific
APIs to application developers.

Ideally, those application developers should be able to enjoy domain-specific optimizations for free, i.e.,
without having to manually tune or rewrite their code, and without facing restrictions on their freedom to
exploit the language’s rapid prototyping features. Furthermore, it should be easy for application developers to
specify or select the context-specific optimization they want enabled. In addition, when multiple libraries are
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being reused and composed in an application, be it top-level libraries that provide orthogonal functionality or
higher-abstraction-level libraries that provide more abstract APIs on top of lower-level code, the optimization
opportunities coming with those libraries should be composable. They should be composable with each other
and with the general-purpose and target-specific optimizations that are provided in the main compiler flow and
in the target-specific extensions thereof. This inevitably involves solving a phase-ordering problem because
some optimizations create opportunities for further optimizations, while others are incompatible and rule each
other out. Finally, to obtain a thriving ecosystem of domain libraries, the development of such libraries and
the corresponding support for domain-specific optimization should not require the involvement of compiler
experts. It then follows that a generic compiler infrastructure is needed that enables developers of domain-specific
libraries to specify domain-specific and context-specific optimization opportunities at an abstraction level similar
to that of their libraries’ APIs, and that ensures sufficient composability.

With our research, we aim to provide that generic g ) T
compiler infrastructure. In this paper, we present AR i
a system that allows programmers, not necessar-

ily compiler developers, to express their domain-
specific knowledge as rewrite rules in Julia. Our
work is based in part on ideas developed for the
Cranelift compiler [25], which in turn uses e-graphs i Y
and equality saturation, first introduced by Nel- @ @
son [51] and Tate et al. [64], respectively. Equality : ’ d ;
saturation, or EqSat, is a rewrite technique that el-
egantly deals with the phase-ordering problem by
representing the potential results of rewrites while
still representing the original program as well.

When writing and executing code, users should
not take these rewrite rules into account anymore, but instead can focus on writing simple and readable code that
maps well onto their mental model of the computations. The compiler then automatically evaluates all relevant
rewrites and picks the optimal program. By building on e-graphs and EqSat, one needs not to worry about the
order of rewrites. Rewrite rules are applied without removing information from the e-graph, which means that
application of a rewrite cannot prevent other rules from firing.

The contributions in this paper are as follows:

Fig. 1. Left: original e-graph [70] representing the term (a X 2)/2.
Right: e-graph after introducing the equivalence ax 2 < a << 1.

o the first use of EqSat in a high-level, dynamically typed programming language optimizer, including
expressions spanning control flow transfers, function calls with side effects, value reuse in rewritten
expressions, and type-constrained rewrite rules;

e a demonstration of the capabilities of this optimizer on a number of samples;

e an analysis of the required compilation time and performance gains on those samples.

This paper is structured as follows. Section 2 provides background. Section 3 presents our rewriting system.
Section 4 presents its capabilities on use cases. Section 5 analyzes its compilation time, and Section 6 demonstrates
obtainable performance optimizations. Sections 7 and 8 discuss limitations and related work. Finally, Section 9
draws conclusions.

ACM Trans. Arch. Code Optim.
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2 Background

E-Graphs. An e-graph compactly represents a Parsing Lowering  Julia Codegen LLVM
congruence relation on different expression trees [51, Source LLVM IR

70]. It consists of a collection of e-classes that can g e

each contain multiple e-nodes representing expres . Constant Propagation Simplification 7+,
X p X p & €Xp *Iuntyped |R»| Typed IR »' Inlined IR »iomimized IRI

sion trees that are equivalent to each other accord- ! tacro ExyI7EoT nlining i

E Control Flow Destructuring

ing to a user-defined equivalence relation. Each e-
node can have multiple children, represented by e-
classes. As an example, the left side of Fig. 1 shows
the e-graph for the expression (a X 2)/2. In case a represents an integer, a potential equivalent expression for
a X 21is a << 1. We can encode this equivalence by adding a new e-node to the appropriate e-class, as shown on

Fig. 2. The native Julia compilation pipeline.

the right side of Fig. 1. Because the constant expression 1 is not equivalent to any of the e-classes already present,
it is added to a newly created e-class. The strength of e-graphs lies in the fact that both equivalent representations
are encoded in the graph at the same time.

Equality Saturation. Besides in SMT solvers [21, 22, 51], e-graphs are often used for EqSat [18, 64, 70]. EqSat
is a term rewriting technique that applies rewrites not by overwriting the original term but by adding the
rewritten term to an e-class that represents the original term. By building on e-graphs, it is possible to represent
a large number of expressions, potentially exponential in the number of e-nodes, compactly. More importantly,
by keeping track of all rewritten expressions, the order in which rewrites are applied no longer matters: One
rewrite cannot prevent another one from firing. Central to EqSat is the rebuilding procedure, which is responsible
for maintaining the e-graph invariants. When rewriting uncovers two different expressions to be equivalent,
all expressions containing these equivalent expressions as subexpressions need to be verified, as these then
potentially also need to become equivalent.

Extraction. Once no more new rules can be applied or some timeout is reached during EqSat, one typically
wants to determine the optimal expression contained in the e-graph [28, 70]. In its simplest form, extraction
starts from a root e-class where one e-node needs to be picked to be extracted. Recursively, all the child e-classes
of the picked e-node need to be extracted as well. The end result is a directed, connected graph.

A simple greedy extraction approach can lead to suboptimal results since value reuse is not considered. This
can be alleviated by resorting to a more refined extraction technique. Our extraction technique will be discussed
in Section 3.5.

Julia. Julia is a general-purpose programming language that is primarily used for scientific computing. Being
a dynamically typed language, functions can be defined for unconstrained argument types. A function can
also be redefined for specific argument types (and counts) to express that it should behave differently for that
combination of types. The different behaviors, i.e., the definitions of a function for different types and counts of
arguments, are called methods in Julia. In essence, a function is an identifier, such as f or print, that it shares
with all its methods. When a function call is to be executed, the Julia run-time system will look up and dispatch
the function’s method that best matches the types and count of all the call’s run-time arguments. This is called
multiple dispatch.

In Julia, operators are syntactic sugar for functions. Even basic functionality like array indexing can be
customized with methods for different types of arrays and indices. A method can, e.g., redefine how elements in
a Symmetric matrix are accessed, avoiding the need to store symmetric elements twice. Methods that implement
more abstract computations on matrices by accessing those matrices’ elements through index operations will
automatically benefit from that custom access method when they are invoked on a Symmetric matrix. Because all
operators are functions, Julia expressions correspond by and large to trees of function calls.

ACM Trans. Arch. Code Optim.
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Fig. 2 shows Julia’s just-ahead-of-time compiler flow. At run time, when a method needs to be dispatched and
executed, this flow is invoked on it. We will call this the current method. The compiler first lowers the method’s
AST into an SSA-based IR. Because all operators are functions, that IR code consists mainly of control flow,
phi-nodes, literals, assignments to SSA values, and function calls. It hence directly reflects all expressions from
the source code, including all called functions and operators, the main difference being that each sub-expression
result is assigned to its own SSA value in the IR. On this IR, the compiler applies type inference based on the
run-time argument types, constant propagation, method inlining, and some other basic optimizations such as
scalar replacement of aggregates (SROA). From this Julia IR, the compiler then generates LLVM IR, to which
many more optimizations are applied by the LLVM compiler before it generates assembly code for the target
architecture.

Cranelift and Acyclic E-Graphs. Cranelift [25], a compiler back-end mostly used to generate code from Rust
and WebAssembly, is the first production compiler to use e-graphs for code optimization. As Cranelift aims
at JIT compilation, where compilation time is critical, they have introduced acyclic e-graphs (eegraphs). Like
regular e-graphs, these represent multiple equivalent expressions in e-classes. But, while regular EqSat fully
propagates the effects of introduced equalities, this is not the case with segraphs. Equalities are greedily applied,
and e-graph invariants are not fully restored. This means that some rewrites are potentially not discovered, but
the compilation time is shorter and more predictable.

More relevant to our work is the introduction of the CFG skeleton, a data structure kept alongside the e-graph
to keep track of control flow instructions and instructions with side effects, two constructs that do not fit the
EqSat paradigm for optimizing expressions. Its workings and how we leverage this technique in our work will be
explained in Section 3.1.

Because e-graphs in Cranelift are used in the compiler back-end, they model expressions extracted from the IR
after inlining, which can be relatively large, but mainly contain simple, low-level instructions, many of which are
pure. Cranelifts’ e-graphs and its use of the CFG skeleton are hence designed to conserve all control flow and
side effects, instead focusing on the rewriting of pure expressions in between control flow and operations with
side effects.

3 A Rewrite-Based Compiler Middle-End

Our system allows programmers to specify custom rewrite rules in Julia syntax. These rules are then applied
on an e-graph representing the code of a method. Once the rules are applied and the e-graph is saturated or a
timeout has been reached, the compiler will try to extract the optimal code embedded within that e-graph.

Rules have a left-hand side and a right-hand side. Each side consists of a regular Julia expression, i.e., of a tree of
function calls, plus variables and/or literals. Two example rules are sin(~x: :Number)*2 + cos(~x: :Number)*2 — 1
and translate(~p::Vec2D, 0, @) — ~p.In these rules sin, cos, *, +, and translate are the names of the called
functions. The ~ prefix identifies pattern variables in a rule. These can match any input values of the expression’s
function calls, be it the values of other expressions, variables, or literals. The : : notation is used to specify the
types of values for which the rule can be applied. If no type is specified, values of any type can be matched. A
rewrite rule can be applied whenever the pattern of function calls, literals, and variables on its left-hand side
matches an IR code fragment.

As expressions in Julia source code and the SSA IR produced for them contain the same function calls, it
is straightforward to search for such matches in a method’s SSA IR code. In other words, there is no need to
have rule authors express equivalences in terms of IR constructs. They can instead express them in regular
source code expressions similarly to how those would occur in source code to be optimized. This syntax using
regular Julia code expressions, with the addition of unbound, optionally typed variables, covers all rewrites
where a single expression tree is replaced with a new expression tree. This syntax does not allow rules matching
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goto #2(1,11)

function pow(x, n) 1- goto #2 e - g f H ‘
r=1 2 - v ) é i § ¥ —

- %2 = ¢ (#1 => 1, #3 => %8)::Int64
%3

while n > @ & (#1 => n, #3 => %7)::Int64

%4 = (%3 > 0)::Bool goto #4 if not Il

println(“"side effect")
— goto #4 if not %4

0= & 3 - Main.println(“"side effect")::Any * _
ro¥=x | %7 = (%3 - 1)::1Intea printIngiv)
end | %8 = (%2 * x)::1ntea goto H2(V,VI)
return r — goto #2
4 — return %2 Vil h—)

: i | !
d H H H H
- (AR RO EN)

returnVIl

Fig. 3. From left to right: a Julia method defined for the function pow that computes a number’s power, the corresponding
Julia IR that is generated for two integer arguments, and the e-graph and CFG skeleton for this method.

multi-patterns [35, 72]. Such patterns can match multiple expression trees and rewrite them each, potentially
reusing variables in multiple output expressions.

As in many existing compiler middle-ends, the optimization based on these rewrite rules/patterns will operate
on an intermediate representation (IR) that supports optimizations while still preserving high-level language-
specific information [41, 44, 63]. In our case, this is the Julia compiler’s SSA-based IR [16].

A consideration to be made for pattern rewriting is at what point in the compilation to apply patterns.
Concretely, patterns can be matched on IR before or after function calls have been inlined. Before inlining, the
current method’s IR still contains function calls as they were written by the programmer. At that stage in the
compilation, high-level rewrite rules can typically be matched and applied, i.e., rules involving functions of
high-level, abstract, and domain-specific APIs. However, some rewrite opportunities could then remain hidden
behind call barriers. This can happen, e.g., when APIs with domain-specific function names wrap more generic
computations such as underlying linear algebra computations. If the programmer used the domain-specific
wrapper APIs while the rewrite patterns are expressed in terms of the underlying linear algebra operations, those
patterns will not be found in the IR code before inlining.

Ideally, when exploring rewrite opportunities, the compiler should hence consider all possible combinations of
inlined and not-yet-inlined functions. Support for such an exploration is for future work. Instead, our current
prototype implementation performs rewriting optimization only before inlining. We note that many interesting
rewrites that are not covered by classical compiler optimization occur before inlining, when high-level API usage
has not yet vanished from the code. For this reason also, the example snippets of IR in this paper contain code
that has not been inlined yet.

3.1 From IR to E-Graph and Back Again

To apply rewrites on the Julia IR of a method, we first convert it to an e-graph and a CFG skeleton. For this,
we leverage methods first introduced in the Cranelift compiler [25]. Fig. 3 shows an example Julia function pow
together with its SSA IR, e-graph, and CFG skeleton. The structured control flow present in the original source
code has been lowered into four basic blocks in the Julia IR, each terminated by an instruction that jumps to
another block or returns.

Each e-node in the e-graph corresponds to an SSA value in the IR. For example, the value %7 in the IR corresponds
to the e-node labeled -. The dotted boxes around the e-nodes represent the different e-classes. Since no equalities
have been registered yet in this e-graph, each e-class contains exactly one e-node. In this representation, the
phi-nodes are leaf nodes, i.e., their dependencies are not included in the e-graph. This is because an SSA phi
function introduces a branch in an expression that cannot be represented in an e-graph directly. The lack of

ACM Trans. Arch. Code Optim.
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phi-node information implies (i) that rewrites including phi-node dependencies are not supported, and (ii) that
the e-graph by itself does not contain sufficient information to reconstruct all control flow of the original code.
For (i), an example of a useful rewrite that is not supported is to reduce a phi-node to a value if all possible values
in the phi-node are equivalent.

For (ii), it is the CFG skeleton that provides the extra information needed to reconstruct valid IR. To that
extent, the CFG skeleton contains all operations responsible for control flow and all operations with side effects,
including function calls that have side effects. All operations in the skeleton reference the e-classes they depend
on. To visualize these references, we use the roman numerals in Fig. 3. Each roman numeral labels an e-class of
which the corresponding SSA value is used in an operation with side effects, or in a control flow statement. For
example, since a call to println has side effects, it is stored in the third block of the CFG skeleton, referencing
e-class IV.

Cranelift’s SSA IR format, like MLIR [1] and Swift [63], uses basic block arguments. These offer an alternative
to phi-nodes for representing control-dependent data flow in SSA IRs. Whereas phi-nodes represent such data
flow within a basic block, basic block arguments represent such data flow at the basic block level. Even though
Julia IR contains phi-nodes, we opt to use block arguments in the CFG skeleton because all information regarding
out-of-block uses of expressions that need to be materialized within a block is then explicitly represented within
that block itself.

To illustrate, the references to e-classes I, II, V, and VI in the two goto #2 statements a = £(.)

in the skeleton are basic block arguments. They are passed as arguments to control flow if condition

b =g(. a, .)
else

statements and can be references in the destination block, similarly to how functions
have arguments. The relation between basic block arguments and phi-nodes in the
original Julia IR is simple. For example, the two phi-nodes in block #2in the Julia IR
correspond to the two basic block arguments passed in the CFG skeleton by blocks #1
and #3. Note that while the e-graph in Fig. 3 contains nodes labeled phi, these are purely Fie. 4. Prototvbical ex-
labels and do not carry the information contained in SSA phi-functions. The phi-nodes '8. % 1rototypical ex

. 4 ) g . ample of an expression
in the e-graph can be interpreted as being the corresponding basic block arguments. b = g(.... f(...),

It is the CFG skeleton that allows the conversion back to valid Julia IR. As long as ) being split by a con-
each statement in the CFG skeleton is elaborated, meaning that that statement and all  jjtion.
of its dependencies are materialized in the generated IR, the resulting program has the
same control flow and side effects as the original program.

The need to support control flow stems from expressions that are split over multiple basic blocks for the sake
of code conciseness, readability, and maintainability. The most important case concerns if-then-else patterns in
which different expressions are computed under different conditions, and of which a common subexpression is
computed beforehand as shown in the pseudo-code in Figure 4. Five idioms for which such patterns commonly
occur (as witnessed by the referenced examples from Julia libraries) are the following:

end

Keyword Arguments (kwargs) Besides arguments that provide data to a function, it is quite common to
have keyword arguments that parametrize the semantics of the function by controlling which parts of the
function get executed. The if-condition then is a direct check of a kwarg’s value such as ! flipkernel [11].

LAPACK-style wrappers with uplo/fmt/trans/... chars BLAS/LAPACK-like libraries often use characters
to indicate the format of an array (transposed or not, upper/lower triangular, etc.). If-conditions then check
the format (e.g., with fmt == :coo [3] or M.uplo == ’U’ [10]) to decide which exact computations to execute.

API Version Checks It is not uncommon to invoke API functions conditioned on the version of the used
libraries. The if-condition then is a version check such as CUSPARSE.version() > v"11.7.2" [4].

ACM Trans. Arch. Code Optim.
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Low-level Math In scalar ‘mathy’ code, it is common to find numeric checks that decide on the best
option to implement certain computations. Examples of such if-conditions are n <= 24 [5] and ax >
sqrt(floatmax(ax)/2) [6].

Imperative Type Checks For readability or to avoid too many methods, imperative type checks are some-
times used instead of multiple dispatch to determine which code to execute. Standard libraries provide
examples of type checks serving as if-conditions, such as B isa CuVectorT [7], a isa AbstractArray [2],
and a isa Integer [8].

Whenever conditional control flow splits a larger expression as in Figure 4, our work can handle them.

To convert an e-graph back to IR, the statements in the CFG skeleton are then used as starting points. This
ensures that side effects and control flow are kept intact. IR is created by materializing each statement in the CFG
skeleton as well as all its dependencies in the e-graph. Using the scoped elaboration algorithm [25], materialization
occurs only for values that have not yet been materialized in statements that dominate the current statement in
the CFG. Otherwise, the previously materialized SSA value is reused.

Our implementation uses Metatheory.jl [18], a Julia EqSat package based on egg [70]. At its core, it provides an
efficient implementation of the e-graph datastructure and EqSat algorithms, and a system that allows to register
new types of e-nodes. In our work, we use this system to implement e-nodes that represent Julia IR statements.
Metatheory.jl also offers macros to easily specify rewrite rules with a high-level, declarative syntax. We extended
this rule syntax to support type annotations, as will be discussed in Section 3.2. Lastly, Metatheory.jl contains a
generic extraction algorithm. However, this algorithm is unsuited for our problem, as extraction needs to take into
account the information from the CFG skeleton as well. In Section 3.5 we will discuss our extraction approach.

3.2 Rules and Types

With multiple dispatch, the semantics of a function call are decided not only by syntax (i.e., the function name),
but also by the types and counts of their arguments. This necessitates a way to represent this information in
rewrite rules. For example, a user might want to rewrite matrix multiplications into a function call to some
external BLAS library. This means that a call to Base.:*, a base library function, should be rewritten, but
only if its arguments are matrices. Users can specify type constraints in the rewrite rules by associating a
type with an unbound variable. For example, a rule for rewriting a matrix multiplication can be written as
~A::Matrix * ~B::Matrix — blas_call(~A, ~B).

E-class analyses [70] offer a framework to associate and propagate lattice information in an e-graph. We
designed a novel e-class analysis for tracking types in the e-graph. For each e-class, this analysis maintains the
most specific type that is compatible with all the e-nodes in that class. During e-graph construction, this type is
simply the same as the types of statements in the Julia IR. When a rewrite rule determines that two e-classes are
equal, the e-classes are merged into a new e-class containing e-nodes from both classes. When this happens, the
resulting e-class type is determined by the typejoin function, a standard Julia function that returns the most
specific type that is a supertype of all its arguments. For rewrite rules that introduce a new function call, such as
the rewrite of a matrix multiplication into blas_call, we run Julia’s type inference on the new function using the
argument types stored in the e-classes as the new e-node for the function call is added to the e-graph. Similarly,
if the type associated with an e-class changes, we rerun type inference for all functions in e-classes containing
e-nodes that depend on the changed e-class.

Rewrite rules that change the type of a value produced by an expression can cause problems. If the value
is used by a function that has no method defined for the new type, no valid code can be produced anymore.
Our current implementation detects this when the type information of parent nodes is recomputed. When type
inference finds no method for arguments with the new type, an error is thrown. It is the responsibility of the rule
authors and users to either ensure that rules only introduce new types that are compatible with all the functions

ACM Trans. Arch. Code Optim.
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that depend on the value, or that new methods are defined to make it so. In future work, we will implement the
necessary support to skip the application of rewrite rules that can result in the production of invalid code.

During EqSat, for a small amount of different types that are joined, we construct a Union type that keeps track
of all individual possible types. When the union grows too large, we fall back on a single type that is their most
specific joint supertype. For example, if a value of type Integer is introduced in an e-class with associated type
Float64, the new associated type becomes Union{Integer, Float64}. If, throughout EqSat, this union grows
further, the associated type could become Number. This is in line with how the Julia compiler generates specialized
code for values with a small union type. Here, tracking small unions of specific types prevents the saturation
process from erroring when an existing function in the e-graph is not defined for the more general supertype but
is defined for the specific types in the union.

To be sound, the type information associated to e-classes by this analysis should always be conservative,
i.e., sound overapproximation (super types) of all possible run-time types that could flow to the e-class once a
subgraph is extracted for it. The key insight is that by using Julia’s existing type system operations (typejoin
and type inference), the analysis inherits much of the soundness reasoning from Julia itself. Our argument for
soundness then is as follows:

o The initial types of the e-classes are obtained from Julia’s type inference, which we assume to be sound.

o The typejoin operation is a standard Julia operation, also used in its type inference, among others. Joining
multiple types with it produces a common supertype, so this preserves soundness.

e Whenever a new function call is introduced by rewrite rules, corresponding to a new e-node in some e-class,
we rely again on Julia’s type inference, which returns a (conservative) type for the call’s return value when
the function would be executed on arguments that have the types associated to the new e-node’s child
e-classes. Julia’s type inference supports concrete types and union types for those arguments. So we can, in
all cases, rely on the soundness of Julia’s type inference to obtain conservative type approximations for
newly added nodes.

o The iterative type propagation as new nodes are being added and types associated to e-classes are being
updated by invoking Julia’s type inference converges to a sound fixpoint. When an associated type changes,
be it because of (i) a typejoin, (ii) adding a type to a union of types following the application of a rewrite
rule, or (iii) after (iteratively) re-running a type inference on some dependent e-classes, the change will
be monotonic in the sense that (i) the new type will a supertype of all the joint old types, or (ii) a grown
union of types, or (iii) a type equal or higher in the hierarchy than the old inferred type. Because Julia’s
type hierarchy hasa finite height, the re-inference process is guaranteed to terminate, even in the case of
cycles in the e-graph.

o Upon termination, the types associated to all classes are conservative type approximations, because Julia’s
sound type inference has been executed for all e-nodes (either before the e-graph saturation started, or
during it) in the final e-graph to determine the nodes’ types based on all their child classes’ finally associated
types, and because the e-classes’ types are overapproximations (supertypes or union types) of the types of
their e-nodes.

o The analysis correctly detects type errors: when at any point type inference finds no applicable method for
newly introduced types, an error is thrown. This is sound because it prevents generating invalid code.

3.3 Constants in the E-Graph

Rewrite rules are usually symbolic in nature. They match an expression and replace that expression with a new
one, plugging in any matched variable. Modern EqSat frameworks such as egg [70] and Metatheory.jl [18], which
is used in this work, also support dynamic rewrites. When dynamic rewrite rules are applied, the expression in
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the right-hand side is first evaluated (potentially using additional e-class analysis data) and the original code is
rewritten into the result of that execution, rather than into the literal right-hand side expression itself.

When literals are part of the e-graph, dynamic rewrites can be used to perform simple constant folding. In
normal Julia code, literals of primitive types and composite types with known size can appear directly in the IR.
The values of these literals are embedded in the e-graph. The e-classes containing the corresponding e-nodes of
the literals have an inferred type associated with them, but compared to e-classes containing nonliteral e-nodes,
the actual value of that type is available as well. To support constant folding of literals, we extend rewrite rule type
annotations with a special Comptime{T} type that only allows to match against literals of type T. Using = instead of
— to signify dynamic rewrite rules, a rule such as ~a::Comptime{Integer} + ~b::Comptime{Integer} = ~a + ~b
will match any addition between two integer literals and insert the constant-folded result of this addition in the
respective e-class.

Dynamic rewrite rules also open opportunities for partial evaluation-like optimization [26, 49] beyond the
constant propagation capabilities of the Julia compiler. Whereas the compiler does not propagate dynamic
array arguments because their values could be mutated at any time, a programmer can override this default
behavior with dynamic rewrite rules. To achieve this, we extended the rewrite rule format with rules of the
form function.argl[2] — W. With this rule, the programmer can introduce an equivalence between the function’s
second argument in its e-graph and a constant array W that the programmer has defined in the context where
the optimizer is invoked. Note that this “rule” is unsound and should not be applied to arbitrary programs, but
serves more as a user directive to the optimizer during optimization of a specific instantiation of a method.
A constant array holding W's contents is then added as an equivalent e-node to that argument’s e-class in the
e-graph, to which dynamic rewrite rules can then be applied. The optimized function that is returned after EqSat
is specialized for that constant argument and might not even depend on the argument value passed to it at
the call site anymore. An interesting case is, e.g., when W is a matrix holding the constant weights of a neural
network layer. Computations that only depend on W.or other compile-time-known variables can then be partially
evaluated.

3.4 Rewrites in the Presence of Side Effects

As discussed in Section 3.1, the CFG skeleton is used to ensure that all statements with side effects, such as the
println in the example of Fig. 3, are materialized when the final optimized program is extracted.

We leverage Julia’s built-in static effect analysis to determine whether a function call has side effects. This
analysis determines several properties for each IR statement. The program property effect_free signals whether
a statement is “free from externally semantically visible side effects” [9]. For our purpose, however, this analysis
is often too strict and too imprecise, resulting in some functions not being labeled effect_free, even though they
do not have side effects that require them to remain in a program. For example, many functions that allocate
memory are not marked effect-free, even if the allocated memory never gets accessed again. As a result, even
if rewrite rules subsequently introduce equalities that would make calls to these functions superfluous, they
will still be included in the optimized code. In short, there is a mismatch between Julia’s effect analysis and the
desired freedom to operate of our rewrite system.

In Cranelift, side effects are less of a concern because the code it rewrites is lower level and typically contains
a large amount of simple, low-level instructions, many of which are pure. In high-level Julia code, by contrast,
the IR we work on generally is much smaller and consists only of a few calls to high-level functions/methods.
Because these functions/methods have more complex behavior than simple, low-level instructions, they also
often include behavior with potential side effects according to Julia’s built-in analysis.

To overcome this mismatch when rewriting Julia code, we allow users to prefix rewrite rules with the relaxed
keyword. Whenever a relaxed rule matches code, all the function calls that are part of the CFG skeleton and that

ACM Trans. Arch. Code Optim.



10 « J. Merckx et al.

function f(A::AbstractMatrix) 1 — %1 = Main.eigen(_2)::Union{.}
eig = eigen(A) | %2 = Main.f_condition(_2)::Bool
if f_condition(A) — goto #3 if not %2
x = tr(A) 2 — %4 = Main.tr(_2)::Float64
else — goto #4
x = det(A) 3 — %6 = Main.det(_2)::Float64
end 4 - %7 = ¢ (#2 => %4, #3 => %6)::Float64
return eig, x | %8 = Core.tuple(%l, %7)::Tuple{.}
end — return %8

Fig. 5. Example method for function f for which EqSat reveals opportunities for reuse. tr and det can be rewritten as a sum
and a product over the eigenvalues stored in eig. Optimal e-nodes for extraction are shaded gray.

occur in the left-hand side of the rule are “detached” from the CFG skeleton. When the final optimized code is
extracted from the e-graph, detached statements are not forced to be materialized. We call this technique CFG
skeleton relaxation.

Technically, it is possible to write relaxed rules that get rid of side effects that are depended upon by other
parts of the code, thereby breaking its intended semantics. We note, however, that all rewrite rules discussed in
this paper and that needed relaxation as we will discuss in Section 4, did not introduce problems in our use cases.

Finally, we note that semantic rule verification is outside the scope of this work. As a rewrite rule might be
correct in one domain but incorrect in another, such as reduced precision in deep learning, correctness is up to the
rule authors and users. We found that, in practice, for high-level functions that have no obvious program-related
side effects, relaxing the CFG skeleton yields the desired results. Problems might arise when the code being
optimized makes use of low-level internal functions that could depend on side effects, but we did not encounter
such cases in our experiments.

3.5 Extraction

When Julia IR is generated from an optimized e-graph and its corresponding CFG skeleton, each statement in the
CFG skeleton is considered a root node for e-graph extraction. This means that, in contrast to vanilla egraph
extraction, we essentially need to run multiple extractions on the single e-graph to recover our program [19].
These extractions are not independent of each other. Take, for example, the code and corresponding IR and
e-graph in Fig. 5. The method f computes and returns two different values eig and x derived from matrix A.
eig stores the eigen vectors and values, and x stores the trace or the determinant of the matrix, depending
on control flow. In this example, two rules from a collection of linear algebra identities have been applied:
tr(~A::AbstractMatrix) — sum(eigen(~A).values) and det(~A::AbstractMatrix) — prod(eigen(~A).values).
These give rise to the extra e-nodes in the e-classes containing det and tr. Intuitively, we can see that an optimal
extraction might be one in which the result of the call to eigen is reused to compute the determinant and/or trace
instead of explicitly calling those functions. Indeed, that extraction is valid since the call to eigen dominates both
the call to det and to tr, so its result is available at these call sites.

Greedy extraction techniques, albeit fast for extracting single expressions [70], are not guaranteed to extract
the graphs with the minimum cost, even when using very simple cost models. For example, if two children of an
e-node share a subgraph (when extracting one or more expressions) or if the children of two root nodes share
a subgraph (when extracting multiple expressions), greedy extraction would overestimate the cost because it
would ignore the sharing.

Alternatively, the problem of finding an optimal extraction can be formulated as an ILP problem. The state of
the art in ILP extraction formulations applicable here ensures an acyclic extracted graph [30], which is important
for further elaboration to produce linearized IR. That ILP formulation extracts only one expression, however, not
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multiple expressions for the multiple root nodes of multiple statements in a CFG skeleton. By introducing, for
example, a virtual parent node to the ILP formulation that depends on all root nodes, the optimal solution will
take into account e-node reuse. However, this reuse does not take into account dominance relations between
statements in the CFG skeleton, which in turn can lead to redundant code. We hence instead adapt and extend
the original ILP formulation to enable extraction of multiple expressions taking into account e-node reuse from
dominating expressions.

Informally, the ILP formulation ensures that:

e Each e-class corresponding to a statement in the CFG skeleton is picked. This ensures all the necessary
expressions will be computed in the rewritten code.

o If an e-class is picked, then at least one of its e-nodes is picked. This ensures that each necessary
(sub)expression is computed in at least one way.

o If an e-node is picked, then at least all of its children e-classes are picked. This ensures that for each
necessary (sub)expression, its operands will be computed.

e Picked e-nodes do not form a cycle. This prevents that cyclic graphs are extracted because such graphs
would represent infinite, non-terminating expressions that cannot be properly evaluated or represented.

e Only e-nodes that were picked in dominating extractions can be reused. This prevents incorrect reuse,
i.e., reuse of some expression result that is not guaranteed to be available at the point of reuse in the CFG
skeleton.

e E-classes are picked or reused only where needed for statements in the CFG skeleton. This is to prevent
(sub)expressions from getting hoisted in the CFG skeleton. Hoisting expressions can be benificial for
code size, but doing so aggressively can also introduce partially dead computations or alter program
semantics when (sub)expressions with side effects are hoisted. Preventing hoisting completely like the
current formulation does can hence be suboptimal for code size, such as in the case of very busy expressions,
i.e., expressions computed on all paths from some point. Enabling optimal hoisting is future work.

Of these, the last two requirement are new compared to existing work [30].

Formally, the e-graph is represented by a set of e-nodes N and a set of e-classes C. {n|n € c} is the set of
e-nodes contained in e-class ¢ € C, and y(n) is the set of children e-classes of a particular e-node n € N. We
associate with each e-class c a set of e-nodes p(c) defined as {n | ¢ € y(n)}. That is, the set of parent e-nodes
n that have a child e-class c. Fig. 6 shows an e-graph and CFG skeleton in which the different parts have been
annotated with this notation.

We represent the statements contained in the CFG skeleton as the set I. All of these statements cause a different
expression to be extracted from the e-graph, rooted at each i € I. For each statement i € I, the statements
that dominate i are represented by the set d(i). Each statement i depends on a number of e-class arguments
represented by the set r(i).

Finally, we associate a cost M(n) with every e-node n such that our optimization problem becomes’

!Changes to the formulation by He et al. [30] are highlighted in blue.
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min Z M(n)~w,(,i) subject to

iel,neN Viel
(1) O]
Z w4 Z w: "2 wi ¥V neN, (1) (1 U‘“) (1 Wn )zl,V‘I’eﬂ,cEI{,C )
n
n'ec jed(i) ce x(n) v
O (i) ol > w21, V¥eAcew )
Z w, VceC—-r(i),nec (2) <
ne Ny
n’ep(c) )
Doglz1, veem (©)
Dilwi?+ DL w21 veer) @ <Y
o (i) (i)
nec jed(i) Wy, ,v\yce{o,l}, V¥ e A,ce¥,neN

Where, for each e-node n and statement i from the CFG skeleton, we have introduced a binary variable w( ).

These variables indicate whether the e-node is selected for the extraction rooted at statement i. Furthermore,
following the work by He et al. [30], each ¥ € A is a class cycle, a collection of classes that contain e-nodes that
form a cycle by depending on other classes in the cycle. The e-nodes in an e-class ¢ that participate in a class

(1)

cycle ¥ are represented by the set Ng. For each class c in each class cycle ¥, the binary variables vy, enforce

acyclicity in the extracted graph. U\(I,i’ )C is assigned 1 if none of the e-nodes in e-class c that participate in the class
cycle are selected. For a more complete overview and proof of acyclic extraction, we refer to the work by He
et al. [30]. To take into account the dominance information from the CFG skeleton, we adapted their formulation
in a few ways.

We adapt constraint (1) to ensure that an e-node can only be selected if for each child e-class an e-node is also
selected, or if an e-node is already selected in a dominating extraction j. To prevent e-nodes from being selected in
dominating extractions when they are not needed there, we introduce constraint (2). This constraint prevents
an e-node from being selected if there is no e-node selected at the same extraction that depends on that e-node.
This, in turn, prevents suboptimal extractions where the solver finds an optimal solution under the assumption
that an extraction would be reused while in reality it is materialized in multiple dominated extractions.
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The adapted constraint (3) ensures that at least one e-node
in each e-class referenced by a root in the CFG skeleton is truly
selected for extraction. Compared to the original ILP formulation
by He et al., we added an additional term to account for the fact
that an e-node might already have been selected in a dominating
extraction.

The other constraints are completely analogous to the con-
straints by He et al. [30] except for the addition that each con-
straint is added separately for each possible extraction root i € I.

We implemented this ILP formulation in JuMP [45], a domain-
specific language embedded in Julia to express and solve math-
ematical optimization problems. For a solver, we resorted to
HiGHS [32]. By default, our cost function M(n) currently de-
faults to 1, reducing the optimization problem to choosing the

Fig. 6. Left: e-graph with 5 e-classes. E-node n has
2 child e-classes. Both e-nodes in ¢ have the same
two e-node parents. Right: statement i in block 3 of
the CFG skeleton is dominated by all statements in

least number of e-nodes. We allow users to manually alter the = dominating blocks, and depends on e-class c in the

cost for calls to particular functions to overwrite this behavior. ~e-graph.
4 Use Case Demonstration
s . . Lgferanslata(p, dx,
To demonstrate the capabilities of our work, this section y & 8y =
presents a number of use cases, focusing on our main goal 3 gfCale (g s

of allowing users and domain experts to express and ex-

ploit optimization opportunities in a convenient, flexible function (p, dx)

. 6 p = translate(p, dx, 0)
way. In other words, our use cases aim to demonstrate that A
- )
our work can give developers control over optimizations p = translate(p, sin(dx)"2 + cos(dx)*2 - 1, 0)
without having to acquire knowledge on the compiler’s in- p = rotate(p, )

ternal operation and code representations, while upholding AT WS, < ©)

Julia’s high-level generic programming promise of writing
high-level code once that works across many types without
sacrificing performance. In contrast, our work aims to give
developers more flexibility, meaning less restrictions, to write code without incurring a reduction in optimization
opportunities.

4.1 Domain Specific Rewrites

Fig. 7 shows a contrived method that applies a sequence
of similarity transformations on a 2D point. On close inspec-
tion, under the assumption that exact floating point results
must not be maintained, application of geometric properties,
trigonometric identities, and algebraic simplifications can
lead to the reduction of all these transformations to a single
identity transform. Indeed, the translation on line 8 can be
simplified to p by applying the rules shown in Figure 8.

This example also illustrates the necessity of CFG skeleton
relaxation. The Julia compiler’s effect inference fails to reason through the rotation matrix construction in the
rotate function on line 2 in Fig. 7. As a result, the allocation of the rotation matrix is conservatively considered
to have side effects, which means that, by default, even if an optimization makes the rotation matrix obsolete, the

end

Fig. 7. Contrived code applying 2D transformations.

translate(translate(~p::Vec, ~dx1, ~dyl), ~dx2, ~dy2)
--> translate(~p, ~dx1 + ~dx2, ~dyl + ~dy2)
translate(~p, 0, 0) --> ~p
relaxed rotate(rotate(~p::Vec, ~81), ~82)
--> rotate(~p, ~B1 + ~B2)
rotate(~p, 2*m) --> ~p
rotate(~p, 0) --> ~p

Fig. 8. Rewrite rules to optimize the code from Fig. 7.
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materialize(broadcasted(+, broadcasted(relu, A), B))

relu.(A) .+ B Fig. 10. Syntactic lowering applied for the broadcasting

expression in Fig. 9. broadcasted builds a lazy representa-

Fig. 9. Broadcasting syntax: the relu function is broad- tion of the broadcast operation. materialize allocates the
casted over A and B is added to the result using broadcast- result array and computes its values.
ing addition.

matrix will still be materialized by the optimized code. The rewrite rule author is hence required to allow CFG
skeleton relaxation for rules with rotate by prefixing those rules with relaxed.
4.2 Aiding Multiple Dispatch

Instead of using rewrites purely for simplifying code, they can also be used to generate code that provides
additional information to the Julia compiler’ type system to trigger the execution of better performing methods
through multiple dispatch. An example in the domain of linear algebra is to automatically wrap certain matrix
expressions in a new, more specific type that allows more efficient implementations for subsequent computations.
Take, for example, the expression A + BT between two regular matrices A and B. For the case where A and B
are the same matrix, that is, A + AT, we know that the result is a symmetric matrix. We can encode this fact by
applying the following rewrite rule: ~A: :AbstractMatrix + transp(~A) — Symmetric(~A + transp(~A)).

The Symmetric function from the LinearAlgebra. j1 package takes the upper triangle of its argument and uses
that to efficiently represent a symmetric matrix. More importantly, it returns a value of type Symmetric. Other
functions in that linear algebra package, e.g., for solving eigenproblems, have specialized methods for symmetric
matrices. After rewriting with the above rule, those specialized methods will now be called automatically thanks
to the multiple dispatch system knowing that they are invoked on the type Symmetric instead of on a more generic
matrix type. Another example is the expression P* BP, which is symmetric if B is symmetric as well, as can be en-
coded with the rule transp(~P: :AbstractMatrix) * ~B::Symmetric * ~P — Symmetric(transp(~P) * ~B * ~P).

Both examples build on the abstractions of the Julia standard library, but the same concepts can also be applied
to operations and types in other, external packages.

4.3 Multi-Line Broadcast Fusion

Julia’s broadcasting mechanism allows users to apply functions element-by-element on one or more arguments
containing multiple elements. Syntactically, this is done by adding a dot (.) between the function and its argument
list. The top of Fig. 9 shows two broadcast operations. relu. (A) applies the scalar relu function to each element
of the matrix A. Next, the .+ call computes the addition between the result and a vector B. Although the two
arguments to .+ have a different shape, the operation can take place because the shapes are compatible.

The Julia compiler transforms expressions containing this special dot syntax into calls to the standard library
functions broadcasted and materialize. Fig. 10 shows the result for the expression in Fig. 9. A call to broadcasted
builds a lazy representation of the broadcast result. Different lazy broadcast objects can be nested; it is only
when materialize is called that the final result object is allocated and filled with computed values. This is similar
to how stream fusion has been implemented in functional languages such as Haskell [46]. As such, different
operations within multiple broadcasted calls are fused when materialize is called. This leads to less memory
being used because temporary arrays are not materialized and potentially better run-time performance because
there are fewer function calls. This operator fusion is especially beneficial for code that is executed on the GPU,
as kernel launches can take a significant amount of time, and because kernel fusion can significantly reduce the
required number of memory accesses [15].
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LHS pattern of rewriting rule Count | Distinct Packages
broadcasted(~f, materialize(~x)) 514 232
broadcasted(~binop, materialize(~x), ~y) 1232 348
broadcasted(~binop, ~x, materialize(~y)) 1044 283
broadcasted(~binop, materialize(~x), materialize(~y)) 231 93

Table 1. Number of matches for different multi-line broadcasting patterns in an analysis of 3153 Julia packages.

A limitation of Julia’s broadcasting lowering is that fusion cannot occur across broadcast expressions on different
lines, because replacing the dot syntax with calls to broadcasted and materialize is a syntactical transformation
performed during AST lowering, which operates statement by statement. A potential optimization is hence to
eliminate superfluous calls to materialize. In practice, this is often beneficial, especially for GPU code, where
separate kernel launches can add significant overhead and a fused kernel can thus lead to better performance.
Rewrite rules make this easy. For example, the rule broadcasted(~f, materialize(~x)) — broadcasted(~f, ~x).
will remove the intermediary materialization for any call of the form f. (x) where x is a variable that was defined
on a different line with a broadcast expression itself. In the example in Fig. 11, fusion will now be applied despite
the two dot operators occurring in two different statements on two separate lines. This illustrates how the system
we propose not only supports domain-specific optimization but also at the same time enables optimization of
common code patterns involving only core Julia primitives.

CFG skeleton relaxation is required here, as materialize ends up calling a foreign C function which the
compiler cannot deem effect-free, poisoning the remainder of the effect analysis. It is not possible to mark certain
foreign function calls as effect-free in Julia currently. In practice, this means that the rule needs to be prefixed
with relaxed.

Using PkgEval.jl, a tool to automatically evaluate the tests of Julia packages, we evaluated how many times
the above rule’s pattern occurs in real-life code in 3153 different packages. In total, we found 514 instances
where code containing this pattern was executed, spread over 232 different packages. This pattern occurs, for
example, when a broadcasted expression is used in different branches and is factored out by the programmer
as a code simplification measure. Applying the rewrite rule does not undo the deduplication but only removes
the superfluous call to materialize. Note that the discussed rule only matches expressions where the outer
broadcasted function is a unary function.

For other patterns, e.g., an expression where the outer broadcasted function is a binary function, separate rules
need to be written. Table 1 lists how many times our analysis found different multi-line broadcasting patterns
that can all be rewritten to broadcasted(~f, ~x) and broadcasted(~binop, ~x, ~y). The last three patterns are
different configurations of broadcasting a binary function. Note that the matches for these three patterns are
not independent: a match against the last pattern, which will result in two invocations of materialize being
optimized out, implies the two other patterns can be matched and applied as well, each optimizing out only one
materialize invocation. When the final code is extracted in such cases, the expression from the e-class containing
the least materialize calls will be chosen.

4.4 Extending Broadcasting with Domain-Specific Batched Operations

By using specialized libraries and frameworks, programmers can achieve significant performance improvements.
However, when their use case evolves to require custom behavior that is not yet supported by their library or
framework, or when different competing frameworks with slightly different APIs are to be compared, programmers
are required to rewrite parts of their code to either switch to different APIs or to implement the required
functionality in the core language themselves. For example, instead of writing deep learning layers and non-linear
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function forward(o, W, x, b, training::Bool, p_drop=0.1) function forward(o, W, x, b, training::Bool, p_drop=6.1)

logits = (W * x) .+ b if training
logits = (W * x) .+ b
return o.(dropout(logits, p_drop))

if training
return o.(dropout(logits, p_drop))

else else
. return o.(logits) return LuxLib.fused_dense_bias_activation(o, W, x, b)
en
- end
end
Fig. 11. Straightforward code in the core programming lan- Fig. 12. Manually rewritten source code that calls an opti-
guage, without needing to use specialized functions with mized implementation of certain computations.

custom APls.

activation functions using core language constructs, programmers often resort to using frameworks or libraries
that contain optimized implementations of matrix multiplications, activation functions, attention computation,
and others [23, 54]. This works well for most common use cases, but falls apart when a programmer requires
custom behavior that is not yet supported by the framework. In those cases, the programmer is required to
rewrite parts of the program to stop using the framework and instead depend on a different framework or the
core language. Instead of having to opt out of framework functionality and rewriting code, one could ideally
write simple, readable code and have the frameworks themselves automatically discover opportunities to use
their more performant implementations. Our system gives framework authors the option for implementing such
discovery and optimization almost for free.

As an example, the code in Fig. 11 shows an implementation of the forward pass of a single fully con-
nected feedforward layer. Several existing Julia packages allow us to compute such operations more effi-
ciently [24, 33, 34]. For example, the programmer could rewrite the code as shown in Fig.12 to use the optimized
fused_dense_bias_activation function from the Lux.jl deep learning framework [52]. A disadvantage of such
manual rewriting is that the code becomes less readable for someone not familiar with the Lux.jl APIs. More-
over, the use of that specific framework’s optimized implementation, which is in essence a decision about a
non-functional aspect of the code, is then hard-coded in the code that specifies the functionality. This requires
the developers and the maintainers of this code to be knowledgeable in the code’s application domain as well as
in the Lux.jl framework. Switching to other frameworks in the future will require rewriting code. Clearly, hard
coding the dependence on Lux.jl and its APIs in the code has a number of downsides.

With our system, instead of rewriting the original code of Fig. 11, it suffices to add a rewrite rule that maps the
original code pattern onto the optimized fused_dense_bias_activation function:

materialize(broadcasted(~o, broadcasted(+, ~W::AbstractMatrix * ~x::AbstractMatrix, ~b::AbstractVector)))
— LuxLib.fused_dense_bias_activation(~o, ~W, ~x, ~b).

Combined with the multi-line broadcast rewriting rule explained above, which rewrites the original code into
a single line without the intermediary variable logits, this rule maps the single-line broadcast expression onto a
call to the library function LuxLib. fused_dense_bias_activation, identical to what would be generated for the
code in Fig. 12.

This example illustrates how our approach allows for a better separation of concerns. Another advantage
is that alternative rewrite rules can be provided for different Julia packages that provide different optimized
implementations for similar functionality. Different rewrite rules also do not obfuscate each other. All rewrite
rules can be represented in the e-graph. Only during extraction is the final optimized code materialized, optionally
based on user-defined extraction costs for different functions. As such, rewrite rules from different authors are
fully interoperable.

ACM Trans. Arch. Code Optim.



Equality Saturation for Optimizing High-Level JuliaIR + 17

Similarly, without changing the source code, different rewrites can still occur by applying different sets of
rewrite rules that can, for example, be offered by different Julia packages.

This example also shows how our system supports composing high-level, domain-specific optimizations with
optimizations of core Julia primitives. In this way, its scope is much broader than recent EqSat optimizers like
Cranelift.

4.5 Keeping up with evolving and emerging libraries for GEMMs

As an example of multiple libraries providing complementary functionality, consider General Matrix Multiplica-
tions (GEMMs), a cornerstone in many scientific domains. GEMMs are also often combined with element-wise
operations or elops on their operands or result, for example with non-linear activation functions such as ReLU.

Many libraries exist to perform different GEMM variants [24, 65, 67], each offering different trade-offs and
interfaces. For targeting NVIDIA GPUs, e.g., the cuBLAS library provides the highest performance for basic
GEMM expressions on matrices with simple datatypes. It also offers some kernels that fuse often-used elops with
the GEMM. For elops not supported by cuBLAS, the alternative GemmKernels.jl can be used [24]. This package
leverages Julia’s multiple dispatch and GPU programming support [15] to generate performant GEMM code on
the fly, including for user-defined elops and for GEMMs on less commonly used data types such as dual numbers,
which are useful for automatic differentiation [56].

Over time, such libraries evolve. For example, cuBLAS has grown to include ever more kernels with fused
elops. Ideally, programmers should not have to rewrite their application code to make use of newly available
functionality or when switching from one library to another. Instead, they should be able to write generic code
that automatically makes use of the available functionality in libraries. Rewrite rules enable this.

Take for example the expression C .= relu.(a * (f_a.(A) * f_b.(B)) + S * C), where A, B, and C are matrices
and « and f are scalars. The different GEMM and linear algebra packages can each provide a custom set of rewrite
rules that rewrite as much as possible of that expression into calls to optimized functions. For example, a rule
added to the LinearAlgebra.jl package would allow this expression to be rewritten into a more efficient call to
mul! that carries out the matrix multiplication, scaling by a and g, and accumulation into C at once. Then only
the elops (f_a, f_b, and relu) remain to be executed in separate kernels. For particular argument types, such as
16-bit floating-point matrices in GPU memory, rewrite rules in the GemmKernels.jl package would even allow the
complete expression to be fused into one single kernel. Other packages could still contain rewrite rules for other
GEMM configurations or variants. Depending on which rules are loaded, the same code hence can be rewritten
in different ways, exploiting the various and possibly evolving optimization opportunities that complementary
libraries offer without having to rewrite the source code.

5 Compilation Time Evaluation

Julia is a just-ahead-of-time compiled language for scientific computing. By default, Julia automatically compiles
a native, type-specialized version of a method just ahead of the first time it is to be executed on some combination
of argument types. Julia hence positions itself somewhere between typical ahead-of-time compilers such as LLVM
and gecc and just-in-time compilers such as Cranelift or those used in a Java VM. Compilation speed is hence
important for Julia.

A user can also request ahead-of-time compilation of methods and optionally invoke our rewriting rule-based
optimization, based on whether or not the investment in compilation time might yield a positive return on
investment. As scientific software often has relatively long execution times, compilation times are hence not as
critical as in traditional JIT compilers. Still, we aim for interactive compilation speeds with our work to allow for
rapid prototyping.
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5.1 Complexity Analysis of Equality Saturation

E-Graph Construction. We reimplemented the algorithm that converts IR into an e-graph introduced for
Cranelift [25] in Julia. This algorithm starts by computing the dominator tree of the input SSA code. We reuse
the dominator tree construction implementation from the Julia compiler. This implementation is based on an
algorithm from Georgiadis’s thesis [27], and runs in linear time with respect to code size. IR statements are visited
in a pre-order dominator tree traversal to ensure that all dependencies of the current statement have already
been visited. For each statement, the e-class dependencies are looked up and an e-node is constructed. If the
e-node is not part of the e-graph yet, it is inserted in a new e-class, otherwise an existing e-class is associated
with the statement. At the same time that the e-graph is being constructed, the CFG skeleton is being built. This
involves pushing the corresponding e-classes of effectful statements in a CFG structure which has a worst-case
execution time complexity of O(N), where N is the code size, but an amortized complexity of O(1).

Since no equalities are introduced yet during conversion from IR to e-graph inserting new e-classes in the
e-graph does not require running the relatively expensive e-graph rebuilding procedure. As such, e-graph
construction only requires inexpensive hash map lookups and insertions for each statement, which have a
worst-case execution time complexity of O (N) but an expected worst-case execution time of O(1).

Overall, the worst-case execution time complexity of our e-graph construction is O (N?) but on average and in
practice, as will be discussed in Section 5.2, the worst-case execution time complexity is O (N).

E-Graph Saturation. In general, termination for EqSat is not guaranteed because the application of rewrite
rules can introduce new rewrite opportunities indefinitely [61, 70]. In practice, this issue is most often addressed
by EqSat timeouts in combination with heuristic schedulers that ensure that all rewrite rules get a chance to be
applied by means of a rule application back-off mechanism [17, 72]. The non-terminating behavior of EqSat is
due to repeated rule application and rebuilding the e-graph by joining newly discovered equivalences.

Extraction. Constructing the ILP problem entails a few different steps. First, simple cycles are determined
using Johnson’s algorithm [36], and the dominator tree is constructed. Since the number of cycles in a graph can
grow exponentially in the number of nodes [36], in the worst case, the time required to construct the problem is
exponential as well. In practice, however, e-graphs typically contain only a few short simple cycles. Next, the
minimization objective itself can be constructed in O(I - N), with N the number of e-nodes, and I the number
of statements in the CFG skeleton. Assuming a low number of class cycles, the problem construction time is
asymptotically dominated by the construction of the class constraint (Equation 1). In the worst case, this takes
O(I-N - N¢(max) * Xmax) - Dgmax)) time, With ¥(max) the maximum number of children e-classes of an e-node, Dimax)
the maximum number of dominating statements, and N¢(;;qx) the maximum number of e-nodes in an e-class.

Solving the ILP problem is an NP-hard problem, but as will be shown in Section 5, solving times are of the
same order of magnitude as construction.

5.2 Experimental Compilation Time Evaluation

We conducted our measurements on a single core of a 64-core AMD Ryzen Threadripper PRO 7985WX and
512GiB RAM, with Julia Version 1.11.5 (LLVM 16.0.6). Fig. 13 shows the time taken for the different steps of our
optimization scheme for the examples of Fig. 5, Fig. 7, and Fig. 11’s forward function, with their respective rewrite
rules. We report the average time over 1000 runs for Fig. 5 and Fig 11, and 100 runs for the example from Fig. 7.
Apart from the first invocation of the EqSat optimizations, which includes compiling the EqSat implementation
itself, we see little variance (0<3%) in the measurements.

Conversion. E-graph conversion, both from and to Julia IR, takes relatively little time for this example. To
evaluate the run time of conversions for other code, Fig. 14 shows the time needed to convert between IR and
E-Graph for many different Julia methods. These methods were selected arbitrarily by collecting all the methods
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Fig. 13. Time spent in different compilation phases when optimizing different examples discussed in this work.
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ments before inlining in IR for typical Julia meth-
ods.

Fig. 14. Conversion times for converting from IR to e-graph and back.
Smaller, faint markers indicate measurements on IR after inlining.

in the call graphs encountered during the compilation of some methods from Julia’s core and linear algebra
standard library?. While our optimization targets IR without inlined function calls, we also include timing results
for IR with inlined calls to capture performance on longer IR. Fig. 15 shows that the vast majority of the evaluated
methods consists of only a handful of IR statements. This means that we typically do not expect large e-graphs
during optimization.

Code Generation. Not shown in the compilation time overview is the time that LLVM spends to optimize
and generate the final executable code from Julia IR. The reason for the omission in the figure is that this step
also occurs for regular Julia code compilation. This additional compilation time is dependent on the final IR
size after extraction. For the code in Fig 11 and Fig 5, this takes 75%-90% of total optimization time. For the
2D transformation example (Fig 7), the saturation step takes a long time, and the extracted IR is very small (1
statement). In this case further code generation makes up less than 1% of total optimization time. For regular Julia
code, much of the compilation cost imposed by LLVM is hidden by caching of compiled code. Tighter integration
of our optimization into the Julia compiler could similarly help hide this cost as well.

ILP Construction and Solving. Fig. 13 shows that most of the time is occupied by constructing and solving the
ILP extraction problem presented in Section 3.5. Apart from the inherent computational complexity of solving

2Concretely, we looked at factorize(::Matrix{Float64}), sin(::Int), print(::Matrix{Int}), and svd(: :Matrix{Int}) but a differ-
ent selection produces similar results.
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ILP Construction  ILP Solve  Greedy Solve Variables Constraints E-Classes E-Nodes
[ms] [ms] [us]
Fig. 5 2.6 1.3 12.5 126 364 26 28
Fig. 7 46.0 206.6 285.1 918 5325 337 1,002
Fig. 11 2.4 5.6 19.1 48 168 22 23

Table 2. Time needed to construct and solve the ILP problems for different examples discussed in this work, and the
corresponding number of variables and constraints in the ILP problem, and e-nodes and e-classes in the e-graph. Also shown
is the time taken for greedy extraction—expressed in microseconds.

the ILP problem, the conversion takes a large amount of time for converting the e-graph into a collection of
variables and constraints in an external ILP solver library. Table 2 shows the time required to construct and solve
the ILP problem for several use cases discussed in this paper. With the exception of the code for simplifying 2D
transformations in Fig. 7, e-classes do not contain many equivalences, leading to fast problem construction and
solving. For the 2D transformation example, particular rewrite rules, e.g., those that combine two subsequent
rotations into one rotation, give rise to an infinite number of rewrite opportunities. In these instances, saturation
runs until a timeout is reached. If fast compilation times are required for pathological cases like the one shown,
we can fall back to a greedy extraction algorithm. In the future, better scheduling of rules and detection of these
cases could limit the amount of e-graph blow-up as well.

Greedy Extraction. Above, we evaluated the ILP extraction as this approach generates the optimal solution
with respect to a defined cost model. However, in many cases, a greedy extraction algorithm that locally selects
the lowest-cost e-node in each e-class produces similar results while being faster. In fact, with the exception of
the linear algebra example from Fig. 5, in the examples above, greedy extraction produces the same results as ILP
extraction.

Table 2 shows the time taken for greedy extraction as well. Especially for the 2D transformation example,
greedy extraction is much faster than ILP extraction (~720X).

6 Performance Evaluation

Any performance optimization that can be obtained with rewrite rules can also be obtained by manually rewriting
source code, if necessary by duplicating code (possibly lifting code from libraries) and then special-casing it. Our
work hence does not aim to squeeze more performance out of the Julia programming language and its compiler
and runtime than what any team of programmers could achieve with unlimited time to rewrite all the source
code on which their software depends. Instead, our work aims to support application programmers and library
developers to exploit optimization opportunities without requiring extensive rewriting of their own and each
other’s code.

Still, as the goal of the rewrite rules is to enable optimizations, this section reports the performance gains that
can be achieved for some of the previously presented use cases. In all cases, timings were collected by taking the
minimum execution time of at least 10 samples. This way, we factor out Julia’s ahead of time compilation and the
occasional garbage collection, the two main causes of outliers. We observed no significant difference in run time
variation across sample runs of original code on the one hand, and across sample runs of optimized code on the
other hand.

The use case of Fig. 7, where domain-specific code representing a 2D transformation is optimized into an
idempotent function, shows a large speed-up of 16.5X, as the only execution time remaining for the optimized
function is its call overhead.

The other examples paint a more interesting picture. For the use case of Fig. 5, where the computation of
a matrix determinant is simplified by reusing the already computed eigenvalues, Fig. 16 shows a moderate
speed-up across the board (up to 1.05X). For reference, yellow dots show the speed-up when simply omitting the
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determinant computation completely. In other words, they show what speed-up can be achieved by reducing the
execution time of the determinant computation to zero. The fact that those roughly match with the optimized
code shows that in the rewritten code, the determinant value basically comes for free, whereas it costs up to 5%

in the original code.

Similarly, for the use case of Fig. 11 where the forward
pass of a neural network is replaced with a fused imple-
mentation, the plot in Fig. 17 shows a speed-up for small
problem sizes (up to 2.5X) but ends up about as fast as
the original code for larger problem sizes, as the time
spent in the matrix multiplication tends to dominate. 3

Finally, we look at the example of rewriting the ex-
pressionC .= relu.(a * (f_a.(A) * f_b.(B)) + f * C),
discussed in Section 4.5. Fig. 18 shows results of the basic
linear algebra rewrite, which fuses everything except the
elops (f_a, f_b, relu) into one GPU kernel. This provides
a moderate speed-up across the board over the baseline
implementation in which each operation in the whole
expression corresponds to a separate GPU kernel. The
GemmKernels rewrite, which fuses all operations into
a single kernel, is worthwhile for smaller problem sizes
(up to 4.8x), and shows a small slowdown for larger prob-
lems, where the core GEMM computation dominates.

This performance evaluation of four uses cases demon-
strates that our system can indeed be used to achieve
significant speed-ups by exploiting domain-specific opti-
mization opportunities, in a programmer-friendly man-
ner.

7 Limitations

Control Flow and Inlining. As discussed in Section 3,
our approach to converting IR to an e-graph using the
CFG skeleton currently does not support rewrites that
alter control flow. Similarly, since we apply rewrites on
code where function calls have not yet been inlined,
rewrite opportunities where part of an expression is
hidden behind a function call are not considered. We
optimize each method separately. Other intermediate
representations, discussed in Section 8, could be used to
represent the entire program in an e-graph and allow
rewriting across call boundaries and control flow.

Saturation and Extraction. In this work, we have pro-
posed an ILP formulation for optimal e-graph extraction.

Speedup by Reusing Eigenvalue Computation

-
& det — [N\,
No determinant computation
09 T T
10 100 1000
Problem Size (N)

Fig. 16. Speed-up over the original code of Fig. 5. The prob-
lem size N refers to the 64-bit floating point input matrix
of size N X N. Computation was run on the CPU.

Speedup by Fusing Computations
% CPU (Float64)

S, GPU (Float32)

10° 10° 10*
Problem Size (N)
Fig. 17. Speed-up gained over the original code of Fig. 11.

The problem size N corresponds to the size of the matrices
NxN Nx32 Nx1

used in the computation: 0‘( [ X D + H )

3For problems involving GPU computation (Fig 17, Fig. 18), we measured execution time on a machine with a 16-core Intel Xeon E5-2637 v2,
NVIDIA GeForce RTX 2080 Ti (12GB), and 64GB RAM, with Julia Version 1.11.5 (LLVM 16.0.6). For the other problems, we use the same setup

as in Section 5.
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The problem of extracting e-nodes from a general e-graph is NP-hard [28], which means that there is no guarantee
that an optimal solution can be found in polynomial time. Currently, when the ILP solver is unable to find a
solution within a given timeframe, we fall back to a greedy extraction algorithm that is built into Metatheory.jl.
In this work, we chose a simple cost model that treats the cost of nodes independent of other nodes. A more
complex cost model could take into account more complex behavior that depends on multiple nodes at once.

Rule Expressiveness. As discussed in Section 3, our rule
syntax takes one Julia expression and transforms it into Speedup by Rewriting GEMM
another. This is an intuitive syntax, but does not fully 5
cover all the possible rules a developer could possibly 4 |
want to express. For one, the rewrite rules can only be
used to rewrite a single expression into another expres-
sion. Multi-pattern rewrite rules to match against and 2
to rewrite multiple expressions at once are currently
not supported. We also do not yet support rewrite rules
matching against function calls taking an unknown, vari- 1020 L0 100 e 1040
able amount of variables. A developer may hence have Problem Size (N)
to write multiple similar rules for the same function with
different argument counts.

# Partial Rewrite (Linear Algebra)
Full Rewrite (GemmKernels)

Fig. 18. Speed-up when rewriting the GEMM expression
from Sec. 4.5 into a combination of elops and an optimized

o ) . mul! operation (blue), and a single fused GemmKernels.jl
Rule applicability. Section 6 shows that certain || (yellow). The problem size N refers to the 16-bit float-

rewrites do not always yield positive returns. Conse- ing point input matrices of size N X N. All computations
quently, the burden is currently on the programmer to = on GPU.

select the rule sets for their particular problem. In the

future, this could be automated using an improved cost model, in combination with more detailed program analy-
sis to gauge the effectiveness of rewrite rules. Alternatively, the rule applicability could be made more extensible,
allowing package developers to decide programmatically when a rule can be applied. Lastly, development is
currently ongoing in the Julia language to support statically sized arrays, opening up the possibility to use this
information in the e-graph to determine rule applicability in the future.

8 Related Work
8.1 Equality Saturation

EqSat and its use as a code optimization tool was first introduced by Tate et al. [64], where it was used to optimize
Java bytecode. Willsey et al. [70] introduced algorithmic improvements for EqSat providing asymptotic speed-ups.
This has led to an explosion of new work exploring different applications for EqSat, from optimizing tensor
programs [59, 69, 72], to compiler verification [38, 60], optimizations for specialized hardware [47, 66, 68], and
other purposes [50, 53].

Metatheory;jl [18] provides a framework for EqSat in Julia. It has already been used for code optimization on
symbolic representations of Julia code to speed up PDE solvers [29]. That work, however, only handles pure,
symbolic programs, as it operates on a symbolic representation of Julia code obtained through manual expression
building or tracing through heavily restricted, straight-line code. In contrast to our work, the existing use of
Metatheory.jl does hence not allow the presence of general control flow or side effects.

To the best of our knowledge, by introducing type propagation in the e-graph, we are the first to apply EqSat
to a dynamic programming language. This allows rewrites to coexist and complement Julia’s multiple dispatch
feature, as discussed in Section 4.
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8.2 Intermediate Representations and E-Graphs

Cranelift, a compiler back-end for WebAssembly and Rust, is among the first to use e-graphs and EqSat in a
production-grade compiler [25]. While we reuse ideas and methods first introduced in the Cranelift compiler,
we implemented our framework as a standalone project, not reusing any Cranelift components. Our code is
integrated in the Julia compiler using user-land compiler extensions.

The Cranelift compiler does not do full EqSat, but only recognizes equalities the first time a node is inserted in
the e-graph. This implies that it is possible for equalities to remain undiscovered, but it obviates the fixed-point
loop present in full EqSat and ensures there are no cycles in the e-graph which allows for a more efficient
representation of the graph in memory and leads to easier extraction. We use the same e-graph representation of
code as used in Cranelift, but by utilizing an extraction scheme that enforces acyclic extraction, the optimizer
is able to carry out full EqSat. Whereas Cranelift and our work operate on IR that is complemented by a CFG,
other work has sought to find alternative IR formats that allow representing control flow fully in the e-graph.
Tate et al. [64] have introduced Program Expression Graphs (PEGs) which represent constructs such as loops as
special expressions and show that PEGs can be used to do EqSat. Laird et al. [39] raise supported LLVM IR into
a functional IR that also allows control flow transformations. Similarly, Regionalized Value State Dependency
Graphs (RVSDGs) [14, 55] represent control flow as (nested) expressions. A research prototype already exists
using RVSDGs in conjunction with EqSat for a simple toy language [58]. Our approach remains closer to the
original SSA-based IR of the source language, allowing less expensive conversion routines. Lastly, there are
multiple works applying EqSat on MLIR code [48, 73]. These do not keep track of side effects and control flow in
a CFG skeleton and thus can only operate on code that is pure. Additionally, they operate on statically typed IR
in contrast to our work.

Willsey et al. introduced e-class analyses, a framework to associate additional metadata with each e-class [70].
The metadata is kept up to date throughout the EqSat process by potential modifications whenever new informa-
tion is available, for example, when e-classes are merged. An exemplary existing use case for an e-class analysis
is constant propagation, where each e-class can optionally carry a constant value. Further work has shown that
this technique can be combined with abstract interpretation for more complex program analyses [20]. To track
types in the e-graph, we designed a novel e-class analysis, as discussed in Section 3.2.

8.3 Extraction

We based our ILP optimal extraction formulation on the work of He et al. [30]. Recent work proposes other
formulations, for example by looking at e-graphs through the lens of circuits [62], or finite state automata [71].
These formulations can lead to faster extraction or provide termination guarantees under particular assumptions.
Cranelift operates in a just-in-time context where fast and reliable extraction is crucial. For this reason, they use
an extraction algorithm that greedily tries to minimize the total number of nodes, without taking into account
node reuse in extracted expressions or from expressions that dominate them. In contrast to Cranelift’s greedy
algorithm, we have introduced an ILP formulation that aims for node reuse from other nodes within an extracted
expression, as well as from nodes in expressions that dominate them in the CFG.

8.4 Julia Code Optimization

Other works exist that aim to improve the performance of Julia code with custom optimizations. Symbolics.jl [29]
can be used to transform scientific machine learning code into a symbolic representation on which simplifications
can be applied. Finch.jl [12, 13] uses a custom IR to represent iteration patterns of loop nests over sparse or
structured arrays. We instead focus on optimizing code in Julia’s own IR format, allowing users of our system to
target any Julia code.
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8.5 Domain-Specific Languages

Domain-specific languages and their optimization has been explored in many other contexts. Jones et al. demon-
strated the application of domain-specific rewrites in the GHC compiler [37]. In contrast to EqSat, their rewrites are
applied greedily and destructively to the program, hence suffering from the phase-ordering problem. Other works
focus on designing extensible, high-level IRs to express optimized domain-specific programs directly [42, 43, 57].
We consider that work complementary to ours, as similar techniques to those discussed in this paper could be
used to optimize such high-level IRs using equality saturation.

9 Conclusion and Future Work

We have developed a novel system that allows Julia developers to write domain-specific rewrite rules that are
automatically applied using EqSat. Our system works in the presence of control flow and side effects. Through
an e-class analysis, we keep track of the most specific type of all equivalent terms and use this information to
support type-constrained rewrite rules. Unlike previous work, our system can rewrite dynamically-typed code.
We introduce a technique called CFG skeleton relaxation that allows rewrite rules to nullify side effects in the
original code. We have adapted an ILP formulation for optimal, acyclic e-graph extraction to take into account
value reuse from dominating statements. Finally, we show that our system can be used to optimize a variety of
domain-specific code, enabling developers to achieve significant speed-ups by applying rewrite rules.

In the future, our work can be extended to support rewriting control flow and apply rewrites that span different
call depths, by integrating function call inlining in the EqSat procedure. Further improvements to our extraction
scheme could also lead to more efficient code being generated.

All artifacts will be made available upon acceptance of the paper.
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